Abstract. In the first part of this work, we studied circle actions with the Rokhlin property on Kirchberg algebras. Here, we define a continuous analog of the Rokhlin property, asking for a continuous path of unitaries instead of a sequence. We show that circle actions with the continuous Rokhlin property on Kirchberg algebras are classified by the KK-equivalence class of their fixed point algebra, and in the presence of the UCT, by their equivariant K-theory. We moreover characterize the K-theoretical invariants that arise in this way.
Introduction
This is the second part of our study and classification of circle actions on Kirchberg algebra, which was initiated in [Gar14b] . The reader is referred to the introduction of [Gar14b] , and references therein, for some historical background on classification of actions on C * -algebras. In [OP12] , Osaka and Phillips showed that crossed products and fixed point algebras by finite group actions with the Rokhlin property inherit a number of structural properties of the underlying algebra, using what they call "flexible classes" of C * -algebras. Intuitively speaking, the Rokhlin property allows one to take averages over the group in such a way that * -algebraic identities are approximately respected. It is in this way that we think of the Rokhlin property as the technical condition that makes it possible to average over the group while preserving, at least up to some prescribed error, algebraic relations in the algebra. When this averaging technique is combined with some form of semiprojectivity, as was done in [OP12] , one can show that a number of properties of the original algebra pass to the fixed point algebra. This approach can be applied beyond the case of finite group actions to obtain structure results for crossed products by actions with the Rokhlin property. Indeed, analogous results, using appropriately adapted methods, hold for arbitrary compact groups; see [Gar14c] .
In this paper, we study this averaging process in more depth, under the assumption that the action have what we shall call the continuous Rokhlin property. The advantage of working with a continuous analog of the Rokhlin property lies in the fact that the fixed point algebra by any such action can be shown to be a KKretract of the original algebra, in a sense that will be made precise in Theorem 4.3. Roughly speaking, if α : T → Aut(A) is an action with the continuous Rokhlin property, then the KK-theory of A α is very closely related to that of A. The picture of KK-theory that is most suitable for our purposes is the one obtained by Houghton-Larsen and Thomsen in [HLT99] , using completely positive contractive asymptotic homomorphisms.
The difference between the continuous Rokhlin property and the Rokhlin property is similar to (and, in some sense, "the same" as) the difference between approximate innerness and asymptotic innerness for automorphisms of C * -algebras. In the context of Kirchberg algebras (separable, nuclear, purely infinite, simple C * -algebras), this amounts to the difference between the functors KL and KK. On the other hand, the main motivation for introducing a continuous analog of the Rokhlin property is to obtain results that are stronger than those obtained in [Gar14b] , with the purpose of answering, at least in this more restrictive setting, some questions left open in the first part of our work. Since the continuous Rokhlin property and the Rokhlin property are equivalent for circle actions on Kirchberg algebras with finitely generated K-theory (essentially because KL and KK agree in this context), our results can also be applied to many Rokhlin actions of interest.
We have organized this paper as follows. In Section 2, we introduce the notation and conventions that will be used throughout the paper, and we also recall a number of definitions and results related to equivariant K-theory and the Rokhlin property for circle actions. In Section 3, we introduce the definition of the continuous Rokhlin property for a circle action on a unital C * -algebra, and develop its basic theory. Our definition of the continuous Rokhlin property is a strengthening of the KK T -equivalence; Masaki Izumi for sharing some unpublished work of his ( [Izu14] ); Eberhard Kirchberg for valuable feedback; Gábor Szabó for a conversation on the continuous Rokhlin property; and Hannes Thiel for suggesting the problem of characterizing the possible equivariant K-groups arising from circle actions with the Rokhlin property on Kirchberg algebras.
Background results
We adopt the convention that {0} is not a unital C * -algebra, this is, we require that 1 = 0 in a unital C * -algebra. For a C * -algebra A, we denote by Aut(A) the automorphism group of A. If A is moreover unital, then U(A) denotes the unitary group of A. We take N = {1, 2, . . .}.
Definition 2.1. Let A be a unital C * -algebra and let ϕ be an automorphism of A.
(1) We say that ϕ is approximately inner if there exists a sequence (u n ) n∈N in U(A) such that ϕ(a) = lim n→∞ u n au * n for all a in A. For a locally compact group G, an action of G on A is always assumed to be a continuous group homomorphism from G into Aut(A), unless otherwise stated. Of special importance will be the action Lt : G → Aut(C 0 (G)) induced by left translation on G. In some cases, and if no confusion is likely to arise, we will also denote by Lt the action of left translation of G on itself. If α : G → Aut(A) is an action of G on A, then we will denote by A α its fixed point subalgebra. For a C * -algebra A, we set ℓ ∞ (N, A) = (a n ) n∈N ∈ A N : sup n∈N a n < ∞ ; c 0 (N, A) = (a n ) n∈N ∈ ℓ ∞ (N, A) : lim n→∞ a n = 0 , and define its sequence algebra A ∞ by A ∞ = ℓ ∞ (N, A)/c 0 (N, A). We identify A with the constant sequences in ℓ ∞ (N, A) and with their image in A ∞ . We write A ∞ ∩ A ′ for the central sequence algebra of A, that is, the relative commutant of A in A ∞ . For a sequence (a n ) n∈N in A, we denote by (a n ) n∈N its image in A ∞ .
If α : G → Aut(A) is an action of G on A, then there are actions of G on A ∞ and on A ∞ ∩ A ′ , both denoted by α ∞ . Note that unless the group G is discrete, these actions will in general not be continuous.
Given n ∈ N∪{∞}, we denote by O n the Cuntz algebra with canonical generators {s j } n j=1 satisfying the usual relations (see for example Section 4.2 in [Rør02] ). The circle group will be denoted by T.
2.1. Equivariant K-theory and crossed products. One of the goals of this work is to show that equivariant K-theory is a complete invariant for (conjugacy classes of) circle actions on Kirchberg algebras with the continuous Rokhlin property. See Theorem 5.1. We therefore devote this subsection to recalling the definition and some basic facts about equivariant K-theory. A thorough development can be found in [Phi87] , whose notation we will follow. We denote the suspension of a C * -algebra A by SA.
Definition 2.2. Let G be a compact group, let A be a unital C * -algebra and let α : G → Aut(A) be an an action of G on A. We denote by P G (A) the set of all G-invariant projections in all of the algebras B(V ) ⊗ A, for all unitary finite dimensional representations λ : G → U(V ) of G (the G-action on B(V ) ⊗ A is the diagonal action). Note that there is no ambiguity about the tensor product norm on B(V ) ⊗ A since V is finite dimensional.
Two G-invariant projections p and q in P G (A) are said to be (equivariantly) Murray-von Neumann equivalent if there exists a G-invariant element s ∈ B(V, W )⊗ A such that s * s = p and ss * = q. We let S G (A) denote the set of equivalence classes in P G (A) with addition given by direct sum.
We define the equivariant
, where the action of G on SA is trivial in the suspension direction.
If confusion is likely to arise as to with respect to what action the equivariant K-theory of A is being taken, we will write
is an action of a compact group G on a unital C * -algebra A, then the equivariant K-theory of A is a module over the representation ring R(G) of G. (This ring can be identified with K G 0 (C), with the operation given by tensor product.) Tensor product of representations determines an additive map R(G) × P G (A) → P G (A) which is easily seen to induce an operation
One defines the R(G)-module structure on K G 1 (A) analogously, using suspensions. The following result is Julg's Theorem (Theorem 2.6.1 in [Phi87] ).
2.2. The Rokhlin property for circle actions. In this subsection, we recall the main definitions and results from [Gar14b] . Some facts will be used in this paper, and some other facts are included for the sake of comparison with the results we will obtain here.
Definition 2.5. Let A be a unital C * -algebra and let α : T → Aut(A) be a continuous action. We say that α has the Rokhlin property if for every ε > 0 and every finite subset F ⊆ A, there exists a unitary u in A such that
(1) α ζ (u) − ζu < ε for all ζ ∈ T.
(2) ua − au < ε for all a ∈ F .
We now summarize several results from [Gar14b] . We recall a definition first.
Definition 2.6. Let B be a C * -algebra and let β be an automorphism of B. Then β is said to be approximately representable if there exists a unitary v ∈ (M (B)
Theorem 2.7. (See Proposition 3.6 and Theorem 3.20 in [Gar14b] ). Let A be a C * -algebra and let α : T → Aut(A) be an action with the Rokhlin property. Then there exist an approximately representable automorphismα of A α and an isomorphism ϕ :
is unique up to cocycle equivalence.
Recall that an extension 0 → G ′ → G → G ′′ → 0 is said to be pure if for every finitely generated subgroup
Theorem 2.8. (See Theorem 3.16 and Theorem 3.19 in [Gar14b] ). Let A be a unital C * -algebra and let α : T → Aut(A) be an action with the Rokhlin property.
(1) The inclusion ι : A α → A induces injective group homomorphisms
for j = 0, 1, obtained from the Pimsner-Voiculescu exact sequence for α, are pure. (3) If at least one of K 0 (A) or K 1 (A) is finitely generated, then there are isomorphisms
such that the class of the unit in
Theorem 2.9. (See Theorem 4.4 and Proposition 4.5 in [Gar14b] ). Let A be a unital Kirchberg algebra and let α : T → Aut(A) be an action with the Rokhlin property. Then A α is a unital Kirchberg algebra andα is aperiodic.
Finally, we recall the classification theorem for circle actions with the Rokhlin property on Kirchberg algebras. Definition 2.10. Let A and B be unital C * -algebras, and let ϕ and ψ be automorphisms of A and B respectively. We say that ϕ and ψ are KK-conjugate, if there exists an invertible element x in KK(A, B) such that
Theorem 2.11. (See Theorem 4.7 in [Gar14b] ). Let A and B be unital Kirchberg algebras, and let α : T → Aut(A) and β : T → Aut(B) be actions with the Rokhlin property. Then α and β are conjugate if and only ifα andβ are KK-conjugate.
Circle actions with the continuous Rokhlin property
The Rokhlin property, as in Definition 2.5, should be thought of as a "sequential" Rokhlin property. Indeed, assume that A is a separable unital C * -algebra and let α : T → Aut(A) be an action with the Rokhlin property. Let (F n ) n∈N be an increasing family of finite subsets of A whose union is dense in A, and for every ε n = 1 n , choose a unitary u n ∈ U(A) such that • α ζ (u n ) − ζu n < 1 n for all ζ ∈ T, and • u n a − au n < 1 n for all a ∈ F n . We thus obtain a sequence (u n ) n∈N of unitaries in A such that
In fact, it is easy to show that if A is separable, then the Rokhlin property for α is equivalent to the existence of a sequence of unitaries in A satisfying (1) and (2) above.
It is therefore natural to consider the strengthening of the Rokhlin property in which one asks for a continuous path (u t ) t∈[1,∞) of unitaries satisfying conditions analogous to (1) and (2) above. We call it the continuous Rokhlin property, and present its precise definition below.
Definition 3.1. Let A be a unital C * -algebra, and let α : T → Aut(A) be an action of T on A. We say that α has the continuous Rokhlin property if there exists a continuous path (u t ) t∈[1,∞) of unitaries in A such that
Remarks 3.2. We have the following easy observations:
(1) It is immediate that if a circle action has the continuous Rokhlin property, then it has the Rokhlin property. (2) It is also clear that condition (2) in Definition 3.1 is satisfied for all a in A if and only if it is satisfied for all elements of some generating set. This easy observation will be used repeatedly and without reference.
In view of the first of the remarks above, an obvious question is whether the continuous Rokhlin property is actually equivalent to the Rokhlin property. We address this question in detail in Section 6. There, it is shown that, while this is indeed the case for a number of classes of C * -algebras (see Proposition 6.4, Corollary 6.6 and Proposition 6.14), it is not true in full generality, even on Kirchberg algebras that satisfy the UCT (see Example 6.7 and Example 6.8).
We begin by developing some of the basic theory for actions satisfying the continuous Rokhlin property.
Proposition 3.3. Let A be a unital C * -algebra and let α : T → Aut(A) be an action with the continuous Rokhlin property. If β : T → Aut(B) is any action of T on a unital C * -algebra B, then the tensor product action ζ → α ζ ⊗ β ζ of T on A⊗ B, for any C * -tensor product on which it is defined, has the continuous Rokhlin property.
Proof. Choose a continuous path (u t ) t∈[1,∞) of unitaries in A as in the definition of continuous Rokhlin property for α. For t ∈ [1, ∞), set v t = u t ⊗ 1, which is a unitary in A ⊗ B. For ζ ∈ T, we have
and thus lim t→∞ (α ⊗ β) ζ (v t ) − ζv t = 0 uniformly on ζ ∈ T, and condition (1) of Definition 3.1 is satisfied. To check condition (2), let x ∈ A ⊗ B and assume that x = a ⊗ b for some a in A and some b in B. (Note that such elements generate A ⊗ B.) Then
as t → ∞. This finishes the proof.
We briefly describe what can go wrong when defining the tensor product of two actions (or even just the tensor product of two automorphisms). We are thankful to Chris Phillips for pointing us this issue to us, and for providing the following example.
Let A and B be C * -algebras, let ϕ and ψ be automorphisms of A and B respectively, and let · q be a C * -norm on the algebraic tensor product A ⊗ alg B. There is in general no reason why the tensor product automorphism ϕ ⊗ ψ of A ⊗ alg B should extend to the completion 
It is straightforward to check that the automorphism ϕ⊗ id B of the algebraic tensor product, does not extend to its completion with respect to · q . Note that the automorphism ϕ, when regarded as an action of Z 2 on A, has the Rokhlin property. We point out that automorphisms, and more generally, actions of locally compact groups, always extend to the maximal and minimal tensor products. In particular, if one of the factors is nuclear, then no issues like the one exhibited above can possibly arise.
Although we will not make use of the next proposition here, we present it to illustrate the difference between the Rokhlin property and the continuous Rokhlin property. Some technical condition seems to be necessary to show that the continuous Rokhlin property passes to direct limits, although we do not have an example that shows that the result may fail otherwise. The main difference with Proposition 3.3 in [Gar14a] is that one cannot in general get a continuous path of unitaries using a diagonal argument.
Proposition 3.4. Let A be a unital C * -algebra. Suppose that A = lim − → (A n , ι n ) is a direct limit of unital C * -algebras with unital maps, and that α : T → Aut(A) is an action obtained as the direct limit of actions
has the continuous Rokhlin property for all n. For every n ∈ N, let (u (n) t ) t∈[1,∞) be a continuous path of unitaries as in the definition of continuous Rokhlin property for α (n) . Assume that there exists a strictly increasing sequence (t n ) n∈N in [1, ∞) with lim
tn+1 for all n ∈ N. Then α has the continuous Rokhlin property.
Proof. We define a continuous path (u t ) t∈[1,∞) of unitaries in A via
We claim that (u t ) t∈[1,∞) is a continuous path of Rokhlin unitaries for α. It is easy to see that for ζ ∈ T, we have
and that the convergence is uniform on ζ ∈ T. On the other hand, given a ∈ A and ε > 0, find
and hence lim t→∞ u t a − au t ≤ ε. Since ε is arbitrary, this proves the claim. This finishes the proof of the proposition.
Example 3.5. Let α : T → Aut(C(T)) be the action by left translation. Then α has the continuous Rokhlin property. Simply take u t (ζ) = ζ for all t ∈ [1, ∞) and all ζ ∈ T.
The following example is similar to Example 4.1 in [Gar14a] . Showing that it has the continuous Rokhlin property requires some work. Unfortunately, we cannot apply Proposition 3.4 in this example since it is not clear how to choose the continuous paths of Rokhlin unitaries to satisfy its hipotheses.
Example 3.6. For n ∈ N, let A n = C(T) ⊗ M 2 n , which we identify with C(T, M n ) when necessary. Consider the action α (n) : T → Aut(A n ) given by α (n) (ζ)(f )(w) = f (ζ −1 w) for ζ, w ∈ T and f in C(T, M 2 n ). In other words, α (n) is the tensor product of the regular representation of T with the trivial action on M 2 n . Then α (n) has the continuous Rokhlin property by Lemma 3.3 and Example 3.5.
We construct a direct limit algebra
The limit algebra A = lim − → (A n , ι n ) is a simple unital AT-algebra. Moreover, it is clear that α (n) n∈N induces a direct limit action α = lim − → α (n) of T on A. We claim that α has the continuous Rokhlin property. For each n ∈ N, write x n = e 2πisn for some s n ∈ R. Define a homotopy
commutes with ι n (A n ) for all t ∈ [0, 1] and all n ∈ N.
Define a continuous path (u t ) t∈[1,∞) of unitaries in A by
We claim that (u t ) t∈[1,∞) is a continuous path of Rokhlin unitaries for α. It is easy to check that α ζ (u t ) = ζu t for all ζ ∈ T and all t ∈ [1, ∞), since this is true for each of the paths u
and for each of the homotopies H (n) , for n in N. On the other hand, given a ∈ A and ε > 0, find N ∈ N and b ∈ A N such that
for every t ≥ N + 1, since all of the images of the homotopies H (n) and all of the unitaries (u (n) t ) t∈[1,∞) , for n ≥ N + 1, commute with the image of A N in A n . The rest is a routine application of the triangle inequality:
and hence lim t→∞ u t a − au t ≤ ε. Since ε is arbitrary, this proves the claim.
The next result should be thought of as asserting that the action of T on C(T) by left translation is continuously equivariantly semiprojective, in an appropriate sense which we do not make explicit here.
Proposition 3.7. Let A be a unital C * -algebra and let α : T → Aut(A) be a continuous action. Then α has the continuous Rokhlin property if and only if there exists a continuous path (
The definition of the continuous Rokhlin property differs in that in condition (1), one only requires lim
Proof. The argument is a modification of the proof of Proposition 3.3 in [Gar14b] . Choose a path (v t ) t∈[1,∞) of unitaries in A as in the definition of the continuous Rokhlin property. Without loss of generality, we may assume that α ζ (v t ) − ζv t < 1 3 for all ζ in T and all t in [1, ∞). Denote by µ the normalized Haar measure on T, and for t in [1, ∞), set
Given t in [1, ∞), one checks that x t ≤ 1 and
which is a unitary in A.
For ζ in T and t in [1, ∞), it is immediate to check that α ζ (x t ) = ζx t , and thus α ζ (u t ) = ζu t . An application of the triangle inequality shows that lim t→∞ u t a − au t = 0 for all a in A. Finally,
for all t and s in [1, ∞), which shows that the map t → x t is continuous. This proves that t → u t is also continuous, and hence the path (u t ) t∈[1,∞) satisfies conditions (1) and (2) of the statement.
Definition 3.8. Let B be a C * -algebra and let β be an automorphism of B. We say that β is asymptotically representable if there exists a continuous path (
Remarks 3.9. We have the following easy observations:
(1) It is immediate that if an automorphism is asymptotically representable, then it is asymptotically inner and approximately representable. (2) It is also clear that condition (2) in Definition 3.8 is satisfied for all b in B if and only if it is satisfied for all elements of some generating set. This easy observation will be used repeatedly and without reference.
Remark 3.10. Let B be a C * -algebra and let β be an automorphism of B. One can easily show that β is asymptotically representable if and only if there exists a unitary v in
We leave the proof as an exercise for the reader. We point out that one does not need to assume the C * -algebra B to be separable, unlike in the case of approximately representable automorphisms.
We proceed to show that asymptotic representability is the notion dual to the continuous Rokhlin property, in complete analogy with the duality between the Rokhlin property and approximate representability.
Proposition 3.11. Let B be a unital C * -algebra and let β be an automorphism of B. Consider the dual action β : T → Aut(B ⋊ ϕ Z) of T on the crossed product. Then β is asymptotically representable if and only if β has the continuous Rokhlin property.
Proof. Assume that β is asymptotically representable. Let (u t ) t∈[1,∞) be a continuous path of unitaries in B satisfying
Denote by v the canonical unitary in B ⋊ β Z that implements β. For t ∈ [1, ∞), set w t = u * t v, which is a unitary in B ⋊ β Z. Moreover, for ζ in T we have β ζ (w t ) = ζw t , so condition (1) of Definition 3.1 is satisfied for β with (w t ) t∈[1,∞) . To check condition (2), it is enough to consider a ∈ B ∪ {v}. For a in B, we have
and hence lim t→∞ w t a − aw t = 0, as desired. Finally,
We conclude that β has the continuous Rokhlin property. Conversely, assume that β has the continuous Rokhlin property. Use Proposition 3.7 to choose a continuous path (w t ) t∈[1,∞) of unitaries in B ⋊ β Z such that
For b in B, we have
It follows that the continuous path (u t ) t∈[1,∞) of unitaries in B satisfies the conditions of Definition 3.8, and hence β is asymptotically representable.
Proposition 3.12. Let A be a unital C * -algebra, and let α : T → Aut(A) be a continuous action. Then α has the continuous Rokhlin property if and only if α is asymptotically representable.
We point out thet we do not require A to be separable, unlike in Proposition 3.7 in [Gar14b] .
Proof. Assume that α has the continuous Rokhlin property. By Theorem 2.7, there are an automorphism θ of A α and an isomorphism between A ⋊ θ Z and A that intertwines the dual action of θ and α. By Proposition 3.11, the automorphism θ is asymptotically representable. Denote by λ : T → U(B(L 2 (T))) the left regular representation of T. Since θ is conjugate to θ ⊗ (Ad • λ), it follows that θ is asymptotically representable as well. The result now follows since θ is conjugate to α. The converse is analogous, and is left to the reader. (Compare with Proposition 3.11 in [Gar14b] .)
The next proposition will not be needed until the following section. In contrast to Proposition 3.14, the analogous result for an infinite tensor product is probably not true, although we do not have a counterexample. Proposition 3.13. Let A and B be unital C * -algebras, let ϕ ∈ Aut(A) and ψ ∈ Aut(B) be asymptotically representable automorphisms of A and B, respectively. Then the automorphism ϕ ⊗ ψ of A ⊗ B, for any tensor product on which it is defined, is asymptotically representable.
Proof. Let (u t ) t∈[1,∞) and (v t ) t∈[1,∞) be two continuous paths of unitaries in A and B satisfying the conditions in Definition 3.8 for ϕ and ψ respectively. For each t ∈ [1, ∞), set w t = u t ⊗ v t . Then w t is a unitary in A ⊗ B for all t, and moreover t → w t is continuous. We claim that (w t ) t∈[1,∞) is the desired path of unitaries for ϕ ⊗ ψ. We have lim sup
so condition (1) is satisfied. In order to check condition (2), let x ∈ A ⊗ B. Since A and B are unital, it follows that A ⊗ B is generated by the set
We may therefore assume that x = a ⊗ 1 for some a in A. Then
For the sake of comparison and for later use, we show next that the tensor product of countably many approximately representable automorphisms is again approximately representable.
Lemma 3.14. Let (A n ) n∈N be a sequence of unital C * -algebras. For each n ∈ N, let ϕ n ∈ Aut(A n ) be an approximately representable automorphism, and let ϕ be
A n , for any tensor product on which it is defined. Then ϕ is approximately representable.
Proof. Let ε > 0 and let F ⊆ A be a finite set. With m = card(F ), write F =
Moreover, a repeated use of the triangle inequality yields
Hence, u is an approximately fixed implementing unitary for ϕ, and thus ϕ is approximately representable.
Corollary 3.15. Let (A n ) n∈N be a sequence of unital C * -algebras. For each n ∈ N, let u n be a unitary in A n . Let ϕ be the product type automorphism ϕ =
Proof. This follows from Lemma 3.14 and the fact that inner automorphisms are approximately representable.
We return to the main development of the section. The example constructed in Theorem 3.17 below will be needed in the proof of Theorem 5.3 to show that every possible value of the equivariant K-theory can be realized by an action with the continuous Rokhlin property. We introduce a definition from [Nak00] first. [Nak00] .) Let A be a unital C * -algebra and let ϕ be an automorphism of A. We say that ϕ has the Rokhlin property if for every ε > 0, for every finite subset F ⊆ A and for every N ∈ N, there exist projections e 0 , . . . , e N −1 and f 0 , . . . , f N in A such that
(2) e j a − ae j < ε and f k a − af k < ε for all j = 0, . . . , N − 1, for all k = 0, . . . , N and for all a ∈ F . (3) ϕ(e j ) − e j+1 < ε and ϕ(f k ) − f k+1 < ε for all j = 0, . . . , N − 1 and for all k = 0, . . . , N , where e N is taken to be e 0 and f N +1 is taken to be f 0 .
It is easy to show that an automorphism with the Rokhlin property is aperiodic, meaning that none of its powers is inner. In [Nak00], Nakamura showed that an automorphism of a unital Kirchberg algebra is aperiodic if and only if it has the Rokhlin property.
Theorem 3.17. There is an approximately representable automorphism ψ of O ∞ with the Rokhlin property (and in particular, aperiodic by the comments above). Moreover, the automorphism ψ can be chosen to be asymptotically representable.
Proof. For every n ∈ N, choose a unital embedding ϕ n : M n ⊕ M n+1 ֒→ O ∞ such that if e ∈ M n and f ∈ M n+1 are rank one projections, then ϕ n ((e, 0)) = p with
n+1 is a unitary in O ∞ with the property that there are two towers e 0 , . . . , e n−1 and f 0 , . . . , f n of projections in
(2) with e n = e 0 , we have Ad(u n )(e j ) = e j+1 for all j = 0, . . . , n − 1, and (3) with f n+1 = f 0 , we have Ad(u n )(f k ) = f k+1 for all k = 0, . . . , n.
Ad(u n ), which defines an automorphism of
that ϕ is aperiodic (and hence has the Rokhlin property thanks to Nakamura's result). Assume that ϕ m = Ad(u) for some m ∈ N and some u ∈ U (
Choose N > max{m, M } and find towers e 0 , . . . , e N −1 and f 0 , . . . , f N of nonzero projections in O ∞ such that, with
O ∞ for j = 0, . . . , N − 1 and for k = 0, . . . , N , the following hold:
(1)
for all j = 0, . . . , n − 1, and (3) with f 
which is a contradiction. This shows that ϕ m is not inner. Since m is arbitrary, it follows that ϕ is aperiodic.
Since ϕ is the direct limit of the inner automorphisms ϕ k = Ad k n=1 u n for k in N, it follows from Corollary 3.15 that it is approximately representable.
Finally, we claim that ϕ is asymptotically representable. For n ∈ N, set u n = u 1 ⊗ · · · ⊗ u n , which is a unitary in O ∞ . Note that ϕ = lim − → Ad( u n ) and that ϕ( u n ) = u n for all n ∈ N. Thus, in order to show that ϕ is asymptotically representable, it will be enough to show that for each n ∈ N, the unitary u n can be connected to u n+1 by a path of unitaries within the fixed point algebra of ϕ. For this, it will be enough to show that each u n is connected to the unit of O ∞ within ϕ n (M n ⊕ M n+1 ) by a path of unitaries that are fixed by Ad(u n ), this is, a path of unitaries that commute with u n . It is easily seen that the set of elements in M n ⊕ M n+1 which commute with u
is isomorphic to C n ⊕ C n+1 . Since the unitary group of this C * -algebra is connected, this shows that ϕ is asymptotically representable.
Remark 3.18. Adopt the notation of Theorem 3.17 above. Using the PimsnerVoiculescu exact sequence for ψ, the K-theory of O ∞ ⋊ ψ Z is easily seen to be
Corollary 3.19. Let A be a unital C * -algebra such that A ⊗ O ∞ ∼ = A. Then there exists a asymptotically representable, aperiodic automorphism of A. 
Asymptotic homomorphisms, K-theoretical obstructions and the UCT
The goal of this section is to prove two crucial results. First, we will show in Corollary 4.5 that if A is a separable, unital C * -algebra, and α : T → Aut(A) is an action with the continuous Rokhlin property, then there are isomorphisms
(Compare with Theorem 5.5 in [Gar14b] , here reproduced as Theorem 2.8, where we only assumed that the action has the Rokhlin property, but where some assumptions on K * (A) were needed.) Second, we will show that, under the same assumptions, the C * -algebra A satisfies the UCT if and only if A α satisfies the UCT; see Theorem 4.8. Both results will follow from the existence of an asymptotic morphism A → A α which is a left inverse for the canonical inclusion A α → A at the level of KK-theory. See Theorem 4.3 below. We therefore begin by recalling the definition of asymptotic morphisms from [CH90] , and that of a completely positive contractive asymptotic morphism from [HLT99] .
Definition 4.1. Let A and B be C * -algebras. An asymptotic morphism from A to B, is a family ψ = (ψ t ) t∈[1,∞) of maps ψ t : A → B, satisfying the following conditions:
( [CH90] , using a suitable equivalence between asymptotic morphisms between C * -algebras. Despite coinciding when the first variable is nuclear, E-theory and KK-theory do not in general agree. Even more, there are C * -algebras that satisfy the UCT in E-theory, but do not satisfy the UCT (in KK-theory); see [Ska91] (we are thankful to Rasmus Bentmann for providing this reference).
On the other hand, Theorem 4.2 in [HLT99] asserts that if one only considers completely positive contractive asymptotic morphisms, and carries out the construction used to define E-theory, the object one obtains is canonically isomorphic to KK-theory. We will use this fact in Corollary 4.4.
It should be pointed out that the arguments in this section can be simplified if one is only interested in nuclear C * -algebras, since in this case E-theory agrees with KK-theory. In fact, in [Sza14] , Szábo has provided a shorter proof of the implication (1) ⇒ (2) of Theorem 4.8 under the additional assumption that the algebra A be nuclear. (The extra condition is needed to deduce the UCT from the E-theoretic version of the UCT.)
Our approach, despite being more technical, requires only minimal assumptions. Moreover, some of the arguments are needed elsewhere.
Given a real number t, we denote ⌊t⌋ = max{n ∈ Z : n ≤ t}. Proof. Let (F n ) n∈N be an increasing family of compact subsets of A such that n∈N F n is dense in A. Upon replacing F n with ζ∈T α ζ (F n ), we may assume that F n is invariant under α for all n in N. Fix t in [0, ∞), and choose δ t > 0 such that whenever ζ 1 and ζ 2 in T satisfy |ζ 1 − ζ 2 | < δ t , then
• With ζ
is a partition of unity on T.
We assume further that the graph of the function f (t) is a symmetric triangle whose base is centered at 1. This assumption is not strictly necessary, but it is made to give an explicit description of the relevant homotopy below.
Use Proposition 3.7 to find a continuous path (
Fix t in [1, ∞), and choose s t in [0, ∞) satisfying
Denote by µ the normalized Lebesgue measure on T, and by E : A → A α the standard conditional expectation, which is given by
for all a in A. Define a unital completelyi positive linear map σ t : A → A α by
for all a and b in F ⌊t⌋ . Note that for all λ in C and for all a and b in A, we have
Hence, condition (2) in Definition 4.1 is satisfied. However, condition (1) is not in general satisfied for the family (σ t ) t∈[0,∞) , so we cannot conclude that σ is an asymptotic homomorphism. The strategy will be to "keep" σ t for integer t, which will be denoted by ψ n for n in N, and connect these by taking homotopies of the corresponding partitions of unity (f
in such a way that the multiplicativity of the intermediate averages is controlled by the multiplicativity of the averages at the endpoints.
We make this argument rigorous as follows. Note that for each n in N, if one replaces N n by a larger integer and takes another partition of unity as above for the larger integer, then the resulting positive linear map satisfies the inequality in (1) for all a in F ⌊t⌋ , by Theorem 4.3 in [Gar14b] . We may therefore assume, for simplicity of the argument, that N n is a power of two, and that N n divides N n+1 for every n in N.
Fix n in N. We will construct a homotopy between the linear maps ψ n and ψ n+1 . Since N n+1 /N n is a multiple of 2, we may assume, without loss of generality, that N n+1 = 2N n . In the general case, if N n+1 /N n = 2 k , then one divides the interval [0, 1] in k − 1 intervals, and performs k homotopies of the same kind as the one we will perform below.
The partition of unity of T corresponding to ψ n+1 has 2N n functions, so the idea will be to construct a homotopy that "splits", in a controlled way, each of the N n functions appearing in the formula for ψ n , into two of the functions that appear in the formula of ψ n+1 . To be more precise, for j = 0, . . . , 2N n − 1, set ζ j = e 2πij Nn , and for k = 0, . . . , 2N n − 1, set ζ
. (We will not include n explicitly in the notation for the circle elements ζ j and ζ ′ k because n is fixed.) With
denoting the partitions of unity corresponding to ψ n and ψ n+1 , respectively, we will construct "controlled" homotopies
and similarly with the other functions appearing in the formula for ψ n . What we mean by "controlled" is that the resulting path t → ψ t , for t in [1, ∞), will be an asymptotic morphism. It is enough to find homotopies
since the other ones will be obtained by translating appropriately. The assumption that the graphs of the functions f (n) and f (n+1) are symmetric triangles centered at 1 implies that the identity f (n+1) (ζ) = f (n) (ζ 2 ) holds for all ζ in T. We define a homotopy
(ζ) for ζ in T, be constructed analogously (for fixed s, the function ζ → G(s, ζ) will be an appropriate translate of ζ → H(s, ζ)). Now, for t in [n, n+1], denote by H t : T → T the function given by H t (ζ) = H(t − n, ζ) for ζ in T, and similarly for G t . For j = 0, . . . , 2N n − 1, denote by ζ 
It is clear that each ψ t is unital and completely positive. We claim that the family ψ = (ψ t ) t∈[1,∞) is an asymptotic homomorphism in the sense of Definition 4.1.
Fix t in [n, n + 1]. To check approximate multiplicativity, we will verify the hypotheses of Theorem 4.3 in [Gar14b] . Note that the family
is a partition of unity of T. Moreover, (Lt ζj H t )(ζ) = 0 implies |ζ − ζ j | < 2 δn , and similarly (Lt ζj G t )(ζ) = 0 implies |ζ − ζ
δn . It follows from the choices of δ n and u (t) , and from Theorem 4.3 in [Gar14b] , that
for all a and b in F n . In particular,
for all a and b in A. We conclude that ψ = (ψ t ) t∈[0,∞) is an asymptotic homomorphism. It remains to check that ψ is a left inverse of the canonical inclusion of A α into A. Note first that lim
for all a in A. Hence, the difference in norm between ψ t (a) and
is negligible as t becomes arbitrarily large, for any a in A. Since the expresion above equals a whenever a is fixed by α, it follows that
for a in A α , which concludes the proof. Using these results, we can show that the ismorphisms
, which were shown to exist when α has the Rokhlin property and either K 0 (A) or K 1 (A) is finitely generated in Theorem 5.5 in [Gar14b] (here reproduced as Theorem 2.8), exist in full generality if α is assumed to have the continuous Rokhlin property.
Corollary 4.5. Let A be a unital separable C * -algebra, and let α : T → Aut(A) be an action with the continuous Rokhlin property.
(1) There is an isomorphism ϕ :
(2) There is an isomorphism
Proof.
(1). By taking C as the first coordinate and A as the second in the conclusion of Corollary 4.4, we deduce that
is the group homomorphism induced by the asymptotic morphism ψ : A → A α given by Theorem 4.3. Moreover, the canonical inclusion A α → A induces the above splitting of K 0 (A).
Consider the Pimsner-Voiculescu exact sequence forα : Z → Aut(A α ):
Sinceα acts trivially on K-theory, the above sequence splits into two short exact sequences
is a splitting for the map on K 0 , and hence it follows that
(2). An analogous argument, taking suspensions, shows that the inclusion
Using the first part of this corollary, we conclude that K 0 (A) ∼ = K 1 (A).
Remark 4.6. The argument used in the proof of Corollary 4.5 can be modified in a straightforward manner to show something slightly stronger: under the assumptions there, the C * -algebra A is KK-equivalent to A ⊕ SA. Since we do not need this, and for the sake of brevity, we do not present the proof here. (The nuclear case follows from Theorem 3.1 in [Sza14] .)
We can also show that in the presence of the continuous Rokhlin property, the UCT for the underlying algebra is equivalent to the UCT for the fixed point algebra. We begin by defining what exactly it means for a C * -algebra to "satisfy the UCT".
Definition 4.7. Let A and B be separable C * -algebras. We say that the pair (A, B) satisfies the UCT if the following conditions are satisfied:
(1) The natural map τ A,B :
If this is the case, by setting ε A,B = µ
, we obtain a short exact sequence
which is natural on both variables because so are τ A,B and µ A,B .
We further say that A satisfies the UCT, if (A, B) satisfies the UCT for every separable C * -algebra B.
Theorem 4.8. Let A be a unital separable C * -algebra and let α : T → Aut(A) be an action with the continuous Rokhlin property. Then the following are equivalent (1) A satisfies the UCT; (2) The crossed product A ⋊ α T satisfies the UCT; (3) The fixed point algebra A α satisfied the UCT.
Note that, unlike in Corollary 3.9 in [OP12], we do not assume the algebra A to be nuclear.
Proof. The equivalence between assertions (2) and (3) follows from the fact that
by Corollary 3.12 in [Gar14b] . That (3) implies (1) follows from the fact that A α ⋊α Z ∼ = A by Theorem 2.7. We will prove that (1) implies (3), so assume that A satisfies the UCT. Let B be a separable C * -algebra. Since A satisfies the UCT, there is a short exact sequence 
which we will all denote by ψ * , that are right inverses of the canonical homomorphisms induced by ι (which we will all denote by ι * ). The diagrams
are easily seen to be commutative, using naturality of all the horizontal maps involved. We claim that µ A α ,B is an isomorphism. Since
and ψ * , µ A,B and ψ * are injective, it follows that µ A α ,B is injective. Surjectivity follows similarly from the identity
and the fact that ι * , µ A,B and ι * are surjective. The claim is proved. We now claim that τ A α ,B is surjective. Given x in Hom(K * (A α ), K * (B)), use surjectivity of τ A,B to choose y in KK(A, B) such that τ A,B (y) = ψ * (x). Then
showing that τ A α ,B is surjective. This proves the claim. We conclude that (A, B) satisfies the UCT. Since B is arbitrary, it follows that A satisfies the UCT.
Remark 4.9. Adopt the notation of the theorem above. It is clear that the same argument, verbatim, shows that if A satisfies the E-theoretic version of the UCT, then so do A α and A ⋊ α T.
4.1.
More general compact groups. In this subsection, we give some indication of how to generalize Theorem 4.8 to actions of more general compact groups with the continuous Rokhlin property, with focus on finite groups. We begin by defining the latter in a way which is convenient for our purposes.
Definition 4.10. Let G be a second-countable compact group, let A be a separable unital C * -algebra, and let α : G → Aut(A) be a continuous action. We say that α has the continuous Rokhlin property if there exists a unital asymptotic morphism
The techniques used in the first part of this section can be adapted to deal with arbitrary second-countable compact groups:
Theorem 4.11. Let G be a second-countable compact group, let A be a separable C * -algebra, and let α : G → Aut(A) be an action with the continuous Rokhlin property. If A satisfies the UCT (or its E-theoretic analog), then so do A α and A.
Again, note that we do not assume the algebra A to be nuclear in the theorem above. We point out that Szabo's argument in [Sza14] also works for metrizable compact groups, and Theorem 2.5 in [Sza14] provides an alternative proof for the E-theory part of our Theorem 4.11.)
The proof Theorem 4.11 is more technical than that of Theorem 4.8, but the argument is identical. Since we do not have any immediate application for it, we omit the proof. For finite groups, however, the proof of Theorem 4.11 takes a much simpler form, which we proceed to sketch.
Assume that α : G → Aut(A) is an action of a finite group G on a separable, unital C * -algebra A with the continuous Rokhlin property. Use Definition 4.10, and equivariant semiprojectivity of (C(G), Lt) (see [Phi12] ), to choose continuous paths t → e (t)
gh for all g, h ∈ G and all t ∈ [0, ∞); Fix t ∈ [0, ∞), and consider the linear map ψ t : A → A α given by
for a ∈ A. It is easy to check that the range of ψ t is really contained in A α , and that ψ t is unital and completely positive. It is also readily verified that (ψ t ) t∈[0,∞) is an asymptotic morphism A → A α , and that
for all a ∈ A α . This proves the analog of Theorem 4.3 in the case of a finite group, and the proof of Theorem 4.11 follows the same argument as that of Theorem 4.8. We omit the details.
Existence and uniqueness results for circle actions
In the following theorem, we use equivariant K-theory as the invariant. See Subsection 2.2.
Theorem 5.1. Let A and B be unital Kirchberg algebras, and let α : T → Aut(A) and β : T → Aut(B) be actions with the continuous Rokhlin property.
(1) The actions α and β are conjugate if and only if A α and B β are KKequivalent.
(2) Assume that A and B satisfy the UCT. Then the actions α and β are conjugate if and only if α and β have isomorphic equivariant K-theory, this is, if and only if there is a Z 2 -graded R(T)-module (with distinguished element) isomorphism
(1). It is immediate to verify that if α and β are conjugate via an isomorphism θ : A → B, then θ restricts to an isomorphism between A α and B β , and hence these algebras are KK-equivalent.
Conversely, assume that A α and B β are KK-equivalent. Use Theorem 4.2.1 in [Phi00] to choose an isomorphism φ : A α → B β implementing the equivalence. Denote byα andβ the predual automorphisms of α and β, respectively, given by Theorem 2.7. It follows from Proposition 3.11 thatα andβ represent the trivial KK-elements on A α and B β respectively. Thus, φ •α • φ −1 andβ determine the same KK-class on B β . Now, A α and B β are Kirchberg algebras andα andβ are aperiodic by Theorem 2.9, so it follows from Theorem 5 in [Nak00] 
andβ are cocycle conjugate. In other words,α andβ are exterior equivalent, and thus α and β are conjugate by Proposition 2.9 in [Gar14b] .
(2). It is immediate to verify that if α and β are conjugate, then their equivariant K-theories are isomorphic as R(T)-modules.
Conversely, suppose that there is a Z 2 -graded R(T)-module isomorphism
In addition to this, there is a natural isomorphism
by Corollary 3.12 in [Gar14b] . It follows that there is a natural group isomorphism K α * (A) ∼ = K * (A α ), this is, the equivariant K-theory for α and the K-theory of its fixed point algebra agree. It is clear that this isomorphism maps
. Since A α and B β satisfy the UCT by Theorem 4.8, it follows from Kirchberg-Phillips classification theorem (see, for example, Theorem 4.2.4 in [Phi00] ), that A α and B β are isomorphic. The result now follows from part (1) of this theorem. This finishes the proof.
Remark 5.2. It should be noted that the R(T)-module structure of the equivariant K-theory was not used in the proof of part (2) of Theorem 5.1. In fact, this module structure is trivial. Indeed, R(T) is isomorphic to Z[x, x −1 ], where the action of
The automorphism α is approximately inner by Proposition 3.12, and hence it is trivial on K-theory.
Theorem 5.1 may be regarded as a uniqueness theorem. It states that whenever two circle actions with the continuous Rokhlin property on a unital Kirchberg algebra that satisfies the UCT, are conjugate whenever they have the same equivariant K-theory. It is natural to look for existence results, this is, try to answer the following question. What pairs of triples ((G 0 , g 0 , G 1 ), (H 0 , h 0 , H 1 )) where G 0 and G 1 are abelian groups, H 0 and H 1 are R(T)-modules, and g 0 ∈ G 0 and h 0 ∈ H 0 are distinguished elements, arise as the K-theory and equivariant Ktheory of an action of the circle on a unital Kirchberg algebra with the continuous Rokhlin property?
We address this existence question in the remainder of the present section, and show that the only possible restrictions are the ones that were already discovered in Corollary 4.5 and Remark 5.2.
Theorem 5.3. Let A be unital Kirchberg algebra that satisfies the UCT. A triple (H 0 , h 0 , H 1 ) consisting of R(T)-modules H 0 and H 1 , together with a distinguished element h 0 ∈ H 0 , is the equivariant K-theory of a circle action on A with the continuous Rokhlin property, if and only if the following conditions hold:
(1) The R(T)-module structures on H 0 and H 1 are trivial, (2) There is an isomorphism K 0 (A) ∼ = K 1 (A), and (3) There exists a group isomorphism ϕ :
Proof. Necessity of condition (1) follows from Remark 5.2, and necessity of conditions (2) and (3) follows from Corollary 4.5. Conversely, assume that K 0 (A) ∼ = K 1 (A), and suppose that (H 0 , h 0 , H 1 ) satisfies
. Use Theorem 4.2.5 in [Phi00] to choose a unital Kirchberg algebra B satisfying the UCT such that
Let θ : B⊗O ∞ → B be an isomorphism, and let ψ ∈ Aut(O ∞ ) be the automorphism constructed in Theorem 3.17. Define an automorphism ϕ of B by ϕ = φ•(id B ⊗ ψ)• φ −1 , and note that ϕ is asymptotically representable. The crossed product
is a unital Kirchberg algebra satisfying the UCT, and the Künneth formula together with Remark 3.18 yield
in such a way that the class of the unit in K 0 (B ⋊ ϕ Z) is sent to (h 0 , 0) ∈ H 0 ⊕H 1 . It follows from the classification of Kirchberg algebras satisfying the UCT that there exists an isomorphism γ : B ⋊ ϕ Z → A. Denote by β : T → Aut(B ⋊ ϕ Z) the dual action of ϕ. It follows from Proposition 3.11 that β has the continuous Rokhlin property. Let α : T → Aut(A) be given by
for ζ in T. Then α has the continuous Rokhlin property as well. Moreover,
Therefore α is the desired action on A with the continuous Rokhlin property, and the proof is complete.
As a simple application, we show how we can use Theorem 5.3 to compute the number of conjugacy classes of circle actions with the continuous Rokhlin property that a given Kirchberg algebra has.
Example 5.4. Let A be a unital Kirchberg algebra satisfying the UCT, with Ktheory given by
We will compute how many conjugacy classes of circle actions with the continuous Rokhlin property on A there are. By Theorem 5.3, conjugacy classes are in bijection with direct sum decompositions of the form Z ⊕ Z 6 ∼ = H 0 ⊕ H 1 that satisfy (1, 0) → (h 0 , 0) for some h 0 in H 0 . There are only 4 such direct sum decompositions, namely:
and Z 6 ⊕ Z do not satisfy condition (3) in Theorem 5.3.) We conclude that there are exactly 4 conjugacy classes.
It will be shown in Corollary 6.6 that the continuous Rokhlin property agrees with the Rokhlin property for circle actions on Kirchberg algebras whose K-theory is finitely generated. In particular, in the example above we can omit the word "continuous" everywhere, and the conclusion is that there are exactly 4 conjugacy classes of circle actions with the Rokhlin property on the algebra considered.
Corollary 5.5. There is a unique conjugacy class of circle actions with the Rokhlin property on O 2 . In other words, any two circle actions with the Rokhlin property on O 2 are conjugate. This was obtained with completely different methods in Corollary 8.8 in [Gar14a] .
We now give a complete answer to the question stated before Theorem 5.3.
Corollary 5.6. Any unital Kirchberg algebra (not necessarily satisfying the UCT) arises as the fixed point algebra of a circle action with the continuous Rokhlin property on some other Kirchberg algebra. In particular, a pair of triples
where G 0 and G 1 are abelian groups, H 0 and H 1 are R(T)-modules, and g 0 ∈ G 0 and h 0 ∈ H 0 are distinguished elements, arises as the K-theory and equivariant Ktheory of an action of the circle on a unital Kirchberg algebra with the continuous Rokhlin property if and only if the R(T)-module structures on H 0 and H 1 are trivial, and there are isomorphisms H 0 ⊕ H 1 ∼ = G 0 ∼ = G 1 , the first one of which maps (h 0 , 0) to g 0 . 5.1. Comments on (non-)existence of model actions. As an application of Theorem 5.3, we explain why no obvious generalization of Theorem 3.4 in [Izu04b] is possible for circle actions with the Rokhlin property.
It is already clear from the examples exhibited in [Gar14a] that, even within the class of unital Kirchberg algebras, there is no C * -algebra D with a circle action δ : T → Aut(D) that has the Rokhlin property, and such that whenever α : T → Aut(A) is an action on a unital Kirchberg algebra A with the Rokhlin property (or even the continuous Rokhlin property), then (A, α) ∼ = (A ⊗ D, id A ⊗ δ). (This is the straightforward and also quite naive generalization of Theorem 3.4 in [Izu04b] , since arbitrary actions of the circle are always trivial on K-theory by Lemma 7.9 in [Gar14a] .) To see this, construct simple unital AT-algebras A 1 and A 2 with Rokhlin actions of the circle as in Example 4.1 of [Gar14a] , using the 2 ∞ and 3 ∞ UHF-patterns instead of the rational UHF-pattern. Tensor these algebras with O ∞ , and take the trivial circle action on O ∞ , to obtain two unital Kirchberg algebras
. K-theoretical considerations show that the only possible K-groups of a unital C * -algebra D that is absorbed both by B 1 and B 2 , are either (Z, 0) or (0, Z). However, none of these groups arises as the K-groups of a unital C * -algebra that admits a circle action with the Rokhlin property by Theorem 2.8.
The conclusion is that there is no "absorbing", or model action, for circle actions with the Rokhlin property. Nevertheless, with a weaker notion of "model action", an analogous result for circle actions on Kirchberg algebras does in fact hold, at least for actions with the continuous Rokhlin property. Denote by ψ the automorphism of O ∞ constructed in Theorem 3.17, and set D = O ∞ ⋊ ψ Z. Denote by δ : T → Aut(D) the dual action of ψ. Then δ has the continuous Rokhlin property. It is clear that δ will not be absorbed by an arbitrary action with the (continuous) Rokhlin property on a Kirchberg algebra, for example, if the algebra has K-theory (Z 2 , Z 2 ). However, δ is a generating action, in the sense of the following proposition.
Proposition 5.7. Adopt the notation of the comments above. Let A be a unital Kirchberg algebra, and let α : T → Aut(A) be an action with the continuous Rokhlin property. Then there is an equivariant isomorphism
Proof. It is easy to check, using that
The result follows from part (1) of Theorem 5.1.
We point out that we did not need to assume that the algebra A in the proposition above satisfies the UCT, unlike in Theorem 3.4 in [Izu04b] .
Comparison between the Rokhlin property and the continuous Rokhlin property
The goal of this section is to show that for large classes of C * -algebras, the continuous Rokhlin property and the Rokhlin property are equivalent for actions of the circle. The classes for which we have confirmed this are the class of separable nuclear O 2 -absorbing unital C * -algebras (see Proposition 6.4), the class of unital Kirchberg algebras with finitely generated K-theory (see Corollary 6.6), and the class of commutative unital C * -algebras (see Proposition 6.14).
6.1. O 2 -absorbing algebras. Circle actions with the Rokhlin property on nuclear O 2 -absorbing C * -algebras were classified in [Gar14a] in terms of the induced action on the lattice of ideals. We recall the definition of the invariant.
Definition 6.1. Let A be a C * -algebra, let G be a locally compact group, and let α and β be continuous actions of G on A. We say that α and β induce the same action on the lattice of ideals of A if for every g ∈ G we have α g (I) = β g (I) for every closed two-sided ideal I of A.
Remark 6.2. In the context of the above definition, the actions α and β define the same action on the lattice of ideals if and only if the ideals of A generated by α g (a) and β g (a) coincide for every a ∈ A and for every g ∈ G.
We first need to know that any O 2 -absorbing C * -algebra has some circle action with the continuous Rokhlin property (this is essentially all we need, as we will see). This follows using the absorption properties of O 2 . Example 6.3. By tensoring the action obtained in the Example 3.6 with the trivial action on O 2 and using Lemma 3.3, we obtain a circle action on O 2 with the continuous Rokhlin property.
We now show the desired result.
Proposition 6.4. Let A be a unital, separable, nuclear O 2 -absorbing C * -algebra, and let α : T → Aut(A) be an action. Then α has the Rokhlin property if and only if it has the continuous Rokhlin property.
Proof. The implication "if" holds in full generality. Conversely, assume that α has the Rokhlin property. Choose an action γ : T → Aut(O 2 ) with the continuous Rokhlin property (see Example 6.3 above) and use Theorem 7.2.2 in [Rør02] to choose an isomorphism ϕ : A ⊗ O 2 → A such that the map A → A given by a → ϕ(a ⊗ 1 O2 ) is approximately unitarily equivalent to the identity map on A.
Define an action β of the circle on A by
Then β has the continuous Rokhlin property by Proposition 3.3.
We claim that α and β induce the same action on the lattice of ideals of A. Given a ∈ A and ζ ∈ T, choose a sequence (u n ) n∈N of unitaries in A such that lim n→∞ u n xu * n − ϕ(x ⊗ 1 O2 ) = 0 whenever x ∈ {a, α ζ (a)}. We have
It follows that β ζ (a) is in the ideal generated by α ζ (a). Similarly, one shows that α ζ (a) is in the ideal generated by β ζ (a), and thus these two ideals agree. It follows from Theorem 8.7 in [Gar14a] that α and β are conjugate, and hence α has the continuous Rokhlin property.
6.2. Kirchberg algebras. We characterize those circle actions with the Rokhlin property on Kirchberg algebras that have the continuous Rokhlin property. We point out that no UCT assumptions are needed.
Theorem 6.5. Let A be a unital Kirchberg C * -algebra and let α : T → Aut(A) be an action with the Rokhlin property. Denote byα the predual automorphism of α. Then α has the continuous Rokhlin property if and only if KK(α) = 1.
Proof. If α has the continuous Rokhlin property, thenα is asymptotically representable by Proposition 3.11. Hence it is asymptotically inner, and KK(α) = 1.
Conversely, assume that KK(α) = 1. Sinceα is aperiodic by Theorem 2.9, it follows from Proposition 3.20 that it is asymptotically representable.
We recall the construction of the PExt-group. Given abelian groups G 1 and G 2 , the group PExt(G 2 , G 1 ) is the subgroup of Ext(G 2 , G 1 ) consisting of the pure extensions of G 1 by G 2 (see the comments before Theorem 2.8 for the definition of a pure extension). See [Sch03] for more about the PExt-group. We refer the reader to Example 8.4.14 in [Rør02] for the definition of the KL-class of an automorphism. Corollary 6.6. Let A be a unital Kirchberg C * -algebra and let α : T → Aut(A) be an action with the Rokhlin property. Assume that PExt(K * (A α ), K * +1 (A α )) = 0. Then α has the continuous Rokhlin property. In particular, if A has finitely generated K-theory, then every circle action on A with the Rokhlin property has the continuous Rokhlin property.
Proof. Since PExt(K * (A α ), K * +1 (A α )) = 0, it follows that an automorphism of A α is KK-trivial if and only if it is KL-trivial. Letα be the predual automorphism of α. Thenα is approximately representable by Theorem 2.7, and in particular KL-trivial. The first part of the corollary then follows from Theorem 6.5 above.
If the K-groups of A are finitely generated, then the condition
is automatiacally satisfied, since the K-groups of A α are also finitely generated by Theorem 2.8. (See also the comments below Remark 3.9 in [Gar14b] .) This finishes the proof.
In the corollary above, the condition PExt(K * (A α ), K * +1 (A α )) = 0 will also be satisfied if the K-groups of A are (possibly infinite) direct sums of cyclic groups. However, it is in general unclear whether one can replace said condition with
which is significantly easier to check in practice. The problem is that K * (A α ) is not in general a direct summand in K * (A), just a subgroup.
As promised after Definition 3.1, we will exhibit an example of a circle action that has the Rokhlin property but not the continuous Rokhlin property, showing that these two notions are not equivalent in general. This can happen even on Kirchberg algebras that satisfy the UCT (although their K-theory must be infinitely generated, by Corollary 6.6).
We need to introduce some notation first. Let A be a unital C * -algebra and let ϕ be an approximately inner automorphism of A. With ι : A → A ⋊ ϕ Z denoting the canonical inclusion, the Pimsner-Voiculescu exact sequence for ϕ reduces to the short exact sequences
We denote the class of the above extensions by η j (ϕ) for j = 0, 1, and by
the map η(ϕ) = (η 0 (ϕ), η 1 (ϕ)) for ϕ ∈ Inn(A). It is well known that η is a group homomorphism when A satisfies the UCT (the operation on Inn(A) is composition), but we shall not make use of this fact here.
Example 6.7. Let G 1 = Z 1 2 , which we will regard as the abelian group generated by elements y n with n in N, subject to the relations 2y n+1 = y n for all n in N. It is clear that G 1 is torsion free. Let G 0 = Z, and let E be the abelian group generated by the set {x, y n : n ∈ N}, subject to the relations 2y n+1 = y n + x for all n in N. There is an extension
where the map G 0 → E is determined by 1 → x, and the map E → G 1 is the corresponding quotient map. It was shown in Example 5.4 in [Gar14b] that this extension is pure but not trivial (this is, it does not split). (We warn the reader that the notation we are using here differs slightly from the one used in Example 5.4 in [Gar14b] .) Denote by ξ ∈ Ext(G 1 , G 0 ) the extension class determined by E, and note that ξ = 0. Use Elliott's classification of AT-algebras (see [Ell93] ), or the comments before Proposition 3.2.7 in [Rør02] ) to find a simple, unital AT-algebra A with real rank zero, such that K j (A) ∼ = G j for j = 0, 1. Use Theorem 3.1 in [KK98] in the case i = 1 to find an approximately inner automorphism ϕ of A such that η(ϕ) = (0, ξ). The proof of Theorem 3.1 in [KK98] is constructive, and the case i = 1 (which is presented in Subsection 3.11 in [KK98] ) shows that for n in N, there are a circle algebra A n , an embedding ψ n : A n → A n+1 and a unitary u n in A n such that
It is immediate to check that such a direct limit action is approximately representable in the sense of Definition 2.6.
Denote by α : T → Aut(A ⋊ ϕ Z) the dual action of ϕ. Then α has the Rokhlin property by Proposition 3.6 in [Gar14b] . On the other hand, since η(ϕ) is not the trivial class, we conclude that ϕ is not asymptotically inner (let alone asymptotically representable), and hence α does not have the continuous Rokhlin property.
The example above can be adapted to construct a circle action on a Kirchberg algebra satisfying the UCT that has the Rokhlin property but not the continuous Rokhlin property.
Example 6.8. Adopt the notation of the previous example. The automorphism ϕ of A obtained there is easily seen to be aperiodic, so the crossed product A ⋊ ϕ Z is simple by Theorem 3.1 in [Kis81] . Set B = A ⊗ O ∞ and φ = ϕ ⊗ id O∞ , which is an automorphism of B. Moreover, K * (A) ∼ = K * (B) by the Künneth formula, and clearly η(φ) = η(ϕ). With β : T → Aut(B ⋊ φ Z) denoting the dual action of φ, the same argument used in Example 6.7 shows that β has the Rokhlin property and does not have the continuous Rokhlin property. Finally, note that B ⋊ φ Z ∼ = (A ⋊ ϕ Z) ⊗ O ∞ is a Kirchberg algebra, and it satisfies the UCT because A does, since crossed products by Z preserve the UCT.
M. Izumi has found (see [Izu14] ) examples of Z 2 -actions on O ∞ that are approximately representable (see Definition 3.6 in [Izu04a] ) but not asymptotically representable (in the obvious sense for actions of Z 2 ). The crossed products by the actions he constructed are Kirchberg algebras satisfying the UCT, so by taking the dual actions of his examples, one obtains actions of Z 2 on Kirchberg algebras satisfying the UCT that have the Rokhlin property but not the continuous Rokhlin property (which can be defined in the obvious way, considering continuous paths of orthogonal projections that satisfy the usual conditions). We point out that in all these examples, the Kirchberg algebra in question has infinitely generated K-theory, and he also shows that his method cannot produce similar examples with finitely generated K-groups. It seems plausible, then, that a result similar to Corollary 6.6 holds for finite abelian group actions as well, and possibly even more generally. We have, nevertheless, not explored this direction any further.
6.3. Commutative C * -algebras. We turn to commutative C * -algebras. The proofs of Proposition 6.4 and Corollary 6.6 made use of classification results for circle actions on the corresponding classes of C * -algebras. Our proof for actions on commutative algebras uses a similar idea, and for this it will be necessary to first identify precisely what circle actions on compact spaces X induce actions on C(X) that have the Rokhlin property. This is the content of our next theorem.
It is not hard to show that if α : T → Aut(C(X)) has the Rokhlin property, then the action of T on X is free. Experience with the finite group case suggests that the converse will in general not be true, and this is indeed the case, as Example 6.11 and Example 6.11 show. We will nevertheless prove, in Corollary 6.13, that the converse holds whenever X has covering dimension 1.
Recall that Lt : T → Homeo(T) denotes the action of T on itself by left translation.
Theorem 6.9. Let X be a compact Hausdorff space and let α * : T → Homeo(X) be a continuous action. Then the induced action α : T → Aut(C(X)) has the Rokhlin property if and only if there exists an equivariant homeomorphism (X, α * ) → T × (X/T), Lt × id X/T .
Proof. Following standard conventions in dynamical systems, for ζ ∈ T and x ∈ X, we will abbreviate α * ζ (x) to just ζ · x. Assume that α has the Rokhlin property. Use Proposition 3.3 in [Gar14b] to choose a unitary u in C(X) such that α ζ (u) = ζu for all ζ in T. Equivalently, u : X → T is a continuous function such that u(ζ · x) = ζu(x) for all x ∈ X and for all ζ ∈ T. (Note that this implies that α * ζ does not have fixed points, unless ζ = 1.) Define j : X/T → X by j(π(x)) = u(x) · x for x in X. Then j(π(x)) is the only point x ′ in the orbit of x such that u(x ′ ) = 1. In particular, the map j is well-defined: if y = ζ · x for some ζ ∈ T, then u(y) = ζu(x) and u(y) · y = ζu(x) · (ζ · x) = u(ζ) · x.
Moreover, j is continuous since so are u and the action itself. We have (π • j)(π(x)) = π(u(x) · x) = π(x) for all x ∈ X. Finally, it is easy to check that the map X → X/T × T given by x → (π(x), u(x)) is an equivariant homeomorphism, and that the inverse is given by (π(x), ζ) → ζ · j(π(x)).
Conversely, assume that there is an equivariant homeomorphism X → T×(X/T) as in the statement, and denote by j : X/T → X the restriction of the inverse to the first factor. In particular, we have π • j = id X/T . Given x ∈ X, and since the action T → Homeo(X) is free, there is a unique u(x) ∈ T such that x = u(x) · j(π(x)). The assignment x → u(x) defines a function u : X → T.
We claim that u is continuous. Let x ∈ X and let (x d ) d∈D a net in X such that
Since T is compact, we may assume that the net (u(x d )) d∈D is convergent, say u(x d ) → w for some w ∈ T. We want to show that w = u(x). One has u(x) · x = j(π(x)) = lim
which implies that w = u(x). This proves the claim. Finally, one has u(ζ · x) = ζu(x) for all ζ in T and all x in X, since u(ζ · x) · (ζ · x) = j(π(ζ · x)) = j(π(x)) = u(x) · x = ζu(x) · (ζ · x).
Thus the unitary u in C(X) satisfies the condition in Definition 2.5 for α. This finishes the proof. If this is the case, then Y must be homeomorphic to X/T.
Proof. This follows immediately from Theorem 6.9 and the fact that for compact Hausdorff spaces Z and W , there is a natural isomorphism C(Z × W ) ∼ = C(Z) ⊗ C(W ) taking a diagonal action on Z × W to the corresponding diagonal action on C(Z) ⊗ C(W ).
Notice in particular that the if a circle action on X induces an action on C(X) with the Rokhlin property, then the action must be free. The converse is not true, as the following examples show.
Example 6.11. Let M be the Möbius cylinder, and let T act on M by rotating each fiber over T. This action is free, and the orbit space is homeomorphic to T. However, M is not homeomorphic to T × T, let alone equivariantly homeomorphic, and thus this action does not have the Rokhlin property.
Non-orientability of the underlying manifold is not the reason why free actions of the circle may fail to have the Rokhlin property, as the next example shows.
Example 6.12. Fix n in N, and let α * : T → Homeo(S 2n+1 ) be the action obtained by identifying S 2n+1 with the unit ball in C n , and letting T act on C n by rotation on all coordinates. For n = 1, this is just the action of T on itself by translation, which has the Rokhlin property. For n > 1, the action is free, but does not have the Rokhlin property. Indeed, if one could write S 2n+1 as a product T × X for some space X, it would follow that the fundamental group π 1 (S 2n+1 ) of S 2n+1 would be non-trivial, which is a contradiction.
We have shown that the Rokhlin property implies freeness in the commutative case, and the converse fails in general. As it turns out, the converse however does hold if the space X has covering dimension 1. (Note that T cannot act freely on a zero-dimensional space.) Proposition 6.13. Let X be a compact Hausdorff space with dim(X) = 1, and let T act freely on X. Then the induced action on C(X) has the Rokhlin property.
Proof. Assume that T acts freely on X and that dim(X) = 1. Denote by X/T the orbit space, and by π : X → X/T the canonical surjection. Then π is a fiber bundle because T is a Lie group, and thus dim(X/T) = dim(X) − dim(T). In particular, the orbit space X/T is zero dimensional. By Theorem 8 in [Mos56] , there exists a continuous map λ : X/T → X such that π • λ = id X/T . It follows that the map X → T × (X/T) given by x → (Tx, π(x)) for x ∈ X, is a homeomorphism. It is easily verified that it is also equivariant in the sense of Theorem 6.9, and hence the action of T on C(X) has the Rokhlin property.
We conclude this work by proving that the Rokhlin property agrees with the continuous Rokhlin property on commutative C * -algebras.
Proposition 6.14. Let A be a commutative unital C * -algebra and let α : T → Aut(A) be an action with the Rokhlin property. Then α has the continuous Rokhlin property.
Proof. Follows immediately from Corollary 6.10, Proposition 3.3 and Example 3.5.
